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Abstract

This study proposes a novel modal decomposition framework for transient flows by time-varying dynamic mode
decomposition with extending time-stepping formulation. To enable the computation of eigenvectors associated
with time-varying operators, we formulated conditions that flow data must satisfy for operator approximation at
arbitrary time instances, and developed a time-stepping-based data acquisition strategy. The proposed strategy
was applied to transient flow past a circular cylinder. The decomposition with prepared dataset successfully cap-
tured continuous temporal variations in growth rates, oscillation frequencies, and spatial distribution of modes.
These results suggest that the proposed method can offer deeper insights into the dynamics of transient flows.

| o#E

B v b, KREUEFZEAR, M2 ok
FEA R, ZE RSN MR 5 A A & v o T, KR
WA O D TlE, ERICE TN X T X E AL
WED, MAOBENRENEZZ. Z0 &5 RiEE
IR Z &, YRR b iz T L W IREEICER
SH S 5. 2D, @ERRZ 2T 2 72D O
HFEIRETH 5.

Z L OFARHIE T, M E TN 3 FEREEE
HHL, Z2hE s L ICFREROIREE FHIT 2 0B D
5. FEREEERME T 200k LT, HAE
253 (POD) [1,2] RHINE— R 9fE (DMD) [3,4] &
Wo 7z, F— X EREN 0 £ — N Rk (5] AMEDbRT
%7-. POD i, 52 oG r—xty &K
W5 2702, RELE—FEHMHTE2HETH 3.
7272, BB E— R, R E - REE L 2
W, DMD i, FFED BRI CIREIS 5 €— FEfHT
% 25 TH 3. DMD £ — Fid, BEER0I213, XS
BERICHR T 2EIERZOERRY vy LTER
fbxh, BMIEIERRIC X 2 K5 E % DMD £— F
LFHTES.

BEEDE— FOf@iEo % X, #IERN R R RICHEK
T 5, T— FORIEDOIEAR LI D LR, 225310 D
ZALHIET 5 Z e LW, il 21X, POD T, it
NDBPEN 72 R TR R 7 — VR E(LT %7
O, ZDOZEMMEOEZBEUNCTETE RV, £,

©copyright 2025 by the author(s). Published by JSASS with

permission

DMD (&€ — F OHRIEDHIEPIHFEIIE BT X 529, K
FEDFFEBOEE T ML EHET 22 WS HE E,
WEEEICNAE T 2 BTN T 2 2 e BT X
v, HhSEHIATVWS 7— Y ZEHIZOWT
b, AEBEREZ LGS, 7— Xty b2RicEEh
BREEDEWID AT M E1F S S FEED 5
BLTED, A7 FILORRIZERT 3.

—F, BEEMES T— FOMHEL LT, 2R%ZENE
T [6,7] L Y AR MENT (8,91 AdHB. Thb
D, O 1EE &) XA Hk T 21EH
%, BERNCHEEZIOEML, ZOEEBERZ L
RETET 3. 4205, POD°DMD O L5 %75 —X&
BXENfEAT & v S KD, BIEET T . ERRIC, time-
stepping £ & MEZN 2 7 T a0 —FIcH O LRLEN
AT (7] TUE, BUBEEHE Y L= 2RI U CERZE %0
B3 2. ZhoDFEE, WERES 2E— FEHET
= 2T, BERADE — FORICEWD, IERERE
HOEBEBDOEHP, T— F DM HDOEITE R
TERWV. LD T, lmERMCBWT, IRIEDHIE
LR ERAEE R L, REZEL S 2 BB il
32 HEoER L RD 5 5.

WERNE SRS 2 —DDHER, T— FORHEZE
L3 22 THh 5. FEITHIE [10,11] T, @ER R
R IC B 2 REEORK DN & REIC R T 5
E-FEEZ, TOZEES Z LT, wERNMLORE
W U 7=, %72, Ohmichi [12] &, FDEEE D & D
LifEERBTEIEDE— FoeRASGICHEAL,



ST

SASEH RIS T 2 L — > 3 VBT VR Y
2025%E7TH2H~4H

27— VRS R

BoNRMREE— FI2X o T, #ERAOHEBE
WL TW3. DMD IZBWTIE, b3 hkilsT,
WERNCREZNL T 2 RO B EBER R Z 2 Z &3
TE24Y 742 DMD BEEENTWS [13]. 2D
F LTI, DMD 281 3 #IEEH R RHEZEL T %
EWVWIHIBROEAI LD, R OREMZ L E ATREIC
LTW3. 27201, 2O DMD 2FH L7 7a—F
X, EIERNCEL T 2= E T 27 T a—F
o TV,

KFFRDE— RO 7 A4 7 71%, REZL T 2 17F
FZEITHF 2 DMD 1Ko <. FFEORZ DIEHZE %
WS % 1k LT, time-stepping %1230 { £A%
SEMERNT R SR L, BEFEERA L7 e —-F%
RET 2. BET2FEZMERE D o@ERREH
L, EHZE 2 S EEORLIOEE € — R O EAAHE
THbHZ %R,

2 time-stepping {KIC & % RFETFE — ¥ 70 fiF

2.1 DMD 73V X2
DMD &, FERF| 7 —& b ak —L ¥ b RS E
H$ %7512, Schmid [3] X & - TIREEN-. ZDFH
AE»S, TNETREZL DT LIV X LAPREX
NTE =5, AL Tl Exact DMD [4] AW 3.
DMD T, #IEHZR A& o T,

X' =AX (1)

LR 5N B IRERYI T — & &2 Wi 721T5,

X =[u(x,t1), u(x,t2), -, u(x,tp)] € RVM

X' = [ul(xvtl)v ul(xatz)v Tty ul(xJM)} € RNXMv

2

EZD. ZIT,MERFy T ay MINERY
Ml u DBEFZHTDHD, EEOTR) X (EBOE)
WHELW. 72, (W (x,n) 1, u(x,n) O AT HOKEE
#3. DMD T3, BE ITHIBERBERZHZ L Tuin
AR L THEATE 2 & 5, RFISIL W
252 2R EEZ L. T7bb,

argmin||X’ — AX|? 3)
A

BT AOEBRY PV LEEMEEZHETS. 20
B/MERE, FEMEDRIC X > TR Z e B TE,

A =Xy, UL, 4)

52605, 22T, Uy eRVM vy c RMM 3y, €
RM>XM 3 zhzh, X OF, GRERZ b, FiRME
ThHb. %/, ENEXFET 3THOEERERT. /-
72U, N E—BRBUT» S BUBED A — X =12/ 5728,

©copyright 2025 by the author(s). Published by JSASS with

permission

JSASS-2025-2057

THSDITH S A e RVN 2EBEHE T2 2T
RV, 22T, fTHIA BIKS > ZERIL 721751 A %
W e rEZD. ARET LD, X 2REES
fRIZE > T 78 r T,

X~UxVvH 5)

YIRS 2RSS, 22T, U, € RV, V, € RMXr
3K, BRERT VRS VI r TH B Y- 724751
ZRL, L € RPTIMEDORZ W LN r AORREZ X}
ARIBZHETITHZ. X DK > 7RI & D,
115 A 1
A=UTX'vE e R, (6)
YEIHTE 3. RD2ADEEME A LEFXZ ML
o, cRY 13, A DFEHME N LEBFRZ ML §, € R
ZHWT,
¢ =X'V.Z '@y, (7

=My, ®)

vitEEIhE. X7 DELICEERY bERTET
22T, () ZMLITIEHZEAOEERY FLE
—HRXBEI T 2D0, Exact DMD TH 5. EHNR
7 MV @ dFEEF IR T - FOEMIN %
£L, REX o, LAWK fi 1,

_ Real{log(4;)}

O AT , )
I log(A,

LEETE S, /2720, Real(+) & Imag(-) 3k Zzhzh

HEB DT 2 £ T

22 TEAZRCED K IHIIKREE — FofRoER L
FATHIZE [13] IZBWT, ROKHZE(LZIBI T 577

B LT BHIKFEIEHRZEZ 274 77 B RES

NTW3. TRDB, KLl B 2 1EHRIZ, 2O

LN DL LT,

u'(x,1;) = A(t;)u(x,1;), (11)

BT, EEOMA  OIEFEOEEE A(r) L IHE
HRZ WL @ (x,t) REHET 2 &, SRAIOE— K
FIETE, E— FORMZELZR2Z N TES. 20D
I, FiAUE,

u(x,t) =Y Bi(t)e™ e, (x,1), (12)

k

EREING. 2T, Be(t) &, Rl t 1I2BI2E—FOD
RIETH 3.

X (1) 27 TERAZOBENS PV EREET 272
B2, DMD T, fEFEIC & - TR o 285K



ST

SASEH RIS T 2 L — > 3 VBT VR Y
2025%E7TH2H~4H

27— VRS (R0

DAF v T ay VEHEBTAZRENRDZ. L2L,
ERICBWTIX, D3RRV T P52 560 TH,
VERRDPREL A 2T 5720, TNOEDAF v T
YavbhETF—XEy MTHWRZ R TERWVL. T
bbb, REAFICAFy Toay P EERSTI LN
TERWV. 207D, WL OO T, FIHIETEL 2
ExRIRD 7T DT, EROBERNDORRYI T —
R BB 2 HEPFHIATHS [2,10,11]. 24
VIHEABELD & 5 W72 R T A —REHEAT S LT,
FDONRTIRX—ZIFANCAF v F¥ay P BIERLTHY
LRZZEeMWTES. 2T, KiffgEclidzhz—fi%
kL, A F v T ay bEREOI2 7 XA —-%% a
EBLELT, a DEISCTHRAUGEZL X8 58
e 7, eEL ZOEBERWS e, Kl OF
PO AR Fy Foay b TF—&H

X(1) = [u(t), Tg {u®)},, g, {u®)}],
X(t) = [u(t), To {w' (1)}, T, W (1)},

Lo B, EEORRY T — 2120t 5 DMD D54,
o BRETHD, T3 a 72\, itz 2284k
XIS 5.
VERZZERT 2D Fy ¥ ay MY
NEZFITOWTEET S, 5, EES o, u oL, K
(A1) ZH7zSEAROBEAE XY MV EFRT 255
EZB. IOLE X X DA 0¥ ROERE
XL,

(13)

X'(t) =A@)X(t) (14)
R
TeW') =A(r) Ty (w), (15)

ERBZMETH D u 1FK (1) iz 3720, B T!
=

Ta(A()u) = A(t) Ty (u), (16)

Bz T REXRDH L. IR TER a e ET 3
L% BV, B 1 2B B TS u(t), (1) 25,
751 X RO X' ZHFE3 UL, DMD I & - TZ DR
DEFRZ bLEERENFHETE .

—HORRY T — X2/ S5 5EMANFHFRAICK-T
REEEAT X7l 1T, ROKLN DA F v T ay
MZFELWED,

u(tiv1) =u'(t;), A7)
MDD, TR, K (15) UK (17) &b

T (u(tiv1)) = A1) T (u(t)), (18)

©copyright 2025 by the author(s). Published by JSASS with

permission

JSASS-2025-2057

£7%%. CORZHEDELEMT 2 &, A O#E
%3,

i—1

Ta (u(t) = {[[A)} 7& (u(nr)),  (19)

Jj=1

o (U (1) = A(t:) T (u(t:))
S| U T
=
DX S, WG u(n) ¥ n 2B B T, RO
HZA(t) Zffi>THRES.

Rt 2B 2 FRAZFE RIS 52757 LT, time-
stepping R EAT 5. Thbb, T (u(t)) ZHAEL,
BEFEIC X > TREIFEZE 2 Z & T, (FE DK
DOHEEZER L. BN HES» S, EEOKRZIDE
BRIV ET 5. WIS HEST 27200, 254
Tl DEVITIE—E TRV, KIS TIE, EEEGD
—XfDBEERT bLEFWT,

u(x,1) = up(x,t)

)0 x @D

1) +7(0) @i (x,0),
L RENBH,

Talu(x,1)} = ua(x,1)

ai i g (22)
+e Y(t)‘pk(x7t)+e Y(t)lpk(xvt);

LRBEHERVS. 22T, y(t) 1%, E— FORKBER
HTH5. @ x,1) BA() DEARZ FLTHBI L
ZRVIUZ, X (16) Zifi7z 3 2 L 3EZ ICHE»D SR
5. 8B, @ (x,1) ITIE, up ZR—RA 70 —ITHW2
WLEMEBITICB W T, HERENRRKDEERY v
PHWS. 72, ZOEHIZ T — ) AR WL
e 7 FTHERTE 2. 205 OFHEBREOME
Fig. 1 D@EH TH 3.

3 PR D e W - BUE SR

Time-stepping 1512 & 2 R EKTF € — F 2R %
72 R 2 S TRAUCE 3 5. ARIFZETLE, FIAESE D
Mz BN HN 5.

3.1 BUEFHEASR

E— FOfR%ZHEA T 200, PR D RO BIER
HERT. B, BUESTEIEOFEMIZ, Sk [14,15] 7
YRS AN, Fig 21204 /LXK 100 O
HE D RiucsB T, —RiREwste UOEER
BERTEZIT-> 2D, (x,y) = (1D,0) T8 1) 234 E
N7 MLOHESHED R EERE X, t = 40,60,80,160 12
B 2HEELRRT. BHENRS MLOMHED REE
BrR2 Y, t =20-60 DFEWIIC, —KANC, &



BT FR AR FAEH  /

WASEMZEFFEHBEY I a L —Y a VEATY VRV D L
2025%E7H2H~4H

27—k —I)UiE (R0

(t=t, +AT \

Q
= o
H o
~ -
“BB Q)“
R i
= L
= Ik
= o
* a — ajmax

— e
X(ty) X(t, + AT)

DMD X'(t1)

JSASS-2025-2057

X(t; + 2AT)

- X'@ar) N X'(t; + 24T)

Fig. 1 Conceputual diagram of time-varying DMD for transient process with time-stepping approach.

ERZ MLVORME NI 25, Ok, PR
Hy=0 BV THHRNFEBTEREN TS, Z
D%, (x,y) = (1D,0) IZBIF 2 HENZ LR L I
REh MR 2. KL & HICIRBIOREIZRE L, &
HENCIRIEA—E D 2 e 72 5. 2 OIREN,
y=0 N L TIENMRIHED DI N VIGTH 5.
ARIFFET, 2 OIRMEL R L, BN RAUcBITS
2BEDE— ROREITS.

60 v
®

80

100 ‘

120

140 ‘ > o

160

180 z."“.‘.'q

200

0 02 04 06 08 10

|u| at (x,y) = (1D, 0)

Fig. 2 Time history of absolute value of velocity
vector at (x,y) = (1D,0) and velocity fields at 1 =
40,60, 80, and 160.

3.2 IREHKRAEE— Pl

TIARSANC B 2 Ty &FHET 3 012, IR
ZOERZDOEB T bV @ (x,1) 2182 BN D
5. AWFFE T, BUERT R Z A L 7 time-stepping 7%

©copyright 2025 by the author(s). Published by JSASS with
permission

WZEED K RIREVERRT (6,71 Z VT, @ (x,11) &
8%, ERZEERITICBT 5 X—2 7 0—13, Fig. 2
Dt =40 BT B3TABD X 512, IEEHE ZEBRE
TRHDEHERRNTDH 5. BB, ZTOEHE LRI,
y = 0 ICHIREE R 2 3R0E U7 BUEF T THYS L7z, R—
A 70—k, RERENEETTHELNEFEE—- R
DEHE Fig. 317, BEHE— M, MR~ —2 7
00— ORET2IEMMBRDHERZITNDE Zehb
5.

04 06 08 1.0

Q
S e —

—4

0 10 " 20 30
/D
HE | [ [
¢ 02 0 0.2
2, - e -
0 10 . 20 30
/p

Fig. 3 Base flow and eigenmodes of time-stepping

global stability analysis.

R, FoNEHERYZ PLeR=2X 78 —%H0
T,RQHOIICHEGRZEHET 5. 12721, 9
RIE y(21) &, time-stepping £ & % 2{RZE LN



S5 T il

SBASERTAE TS S 2 L — > 3 VY Y KT A
20254E7TH2H~4H

27— =LA I

TO,BEDOREILFRILIKRS LD, R—RA 71 —D
L2 7V 0.1% TRE Lz AE LR u(n) L,

N RBEATA I T r=0 IKBIAF Xty b %
AHELE a=0,7, 7 OROEHRZ ML OEERE
Fig. 4 ITRY. a I & > T, E— FOMMANZET 2 Z
b D . AHZETIE, A % jnax IS,

i1
aj=21""x, (23)

v, EHERICEEREL T 3. bbb, SRZNCBIT B 1E
HZEDOEBENY M EHETZ220DAFy Foay
ML jmax TH B, RIFFKLTIE, jmax = 20 & L.

a=0 a=m/2 a=T

o ©l -

LY P

| | 1 |

0 10
x/D

y/D

20

Fig. 4 Initial perturbation fields for different o.

EINT-HEG T BMEFE Y AV N-ITATIL,
t=t =05 t=150 £ CHRREST X872, BUEFE
12 & AR REHETIE, R LT 2 ER R 21 DR LIE
HXE2ZicHET 2720, Z0EEIE, 19 &
OR 20) 1IHIET 2. 135 N7 jmax HORERF| T —
Zho, AUEADRFy T ay M ROCROBEL D
AFvTTay FPERHDHL, DMD 2k 5T, 20Dk
ZOEHE— RO EIT- /2. 2B, BIEERICBT
BZ2F v FTay bOY Y IR AT 1201 &
L7 28, 2HUE DMD 2B 2 REEE R U TH
%. Fig. 512 t =30,40,55,80 I2H!F % DMD €— F
DEEED RS, t =30 T, 1FL A Y DOBEEEIZ
B MOAMINCH D, EORERE DD, Zh o DREE
fEX, RS T IcON T, EFED 0 TH 2 HAIMIC
FEDOTOVE, AN HEAM EICMES 5. 24U,
E—FAWEL, AHRAICEBE L W EERN R
FGERHLTWS.

AR OFEEORMAICERT 2L, IZLAED
EE I, RDWADNINDDDEMEDORA %
FoTWa, Lo T, ARV BT 2 &k ni:
B, W RERRICBVNTHEEIATVE I
Boh b, &z, &b KERROEAEO SRR
BEEEIZEMEOANMC ML TWS., 2D & S k[E
BT 2 E— FiE, ZOREMORMERZ 3
DIZTDRBDAF v T ay WD, IEY
HHRREERLTVWEEEZOND. THDD, juax
EFEDRESRET ST, mAKDOE—FHHiH

©copyright 2025 by the author(s). Published by JSASS with

permission

JSASS-2025-2057

L
=
H

Real (1)
& o+ o+ o
o
0 Ul W
[« ]6) N Nan]

0
Imag (A)

Fig. 5 Time variation of eigenvalue distribution.

TEZEZOND. J2/2L, 22TV AR E
X, DMD 281 2 RE AL, X @) 2555
N3H0TH D, ZEHORFTNRME L 1Z46T LD
LBWZ L 3EEPRETDH 5.

& EKAFEROE — FORERORKHEZL % Fig. 6
WRT. REZI 0 2B 2 BEERIX, 2L EEMRIT TS
LNZMERL —HT 5. KEVIIIREROZEMIZ
72, Lo RO L R A ICHRERNBDY L, &
BINCERIZ O v 2 2. 2, A LERBERE—F
DEEL, ARNCBI 2 LERY Iy b A 2L
AL TV EEZRL TV S,

0.15
o 01
WY, 005
B/ o
-0.05

0 25 50 75 100
t

Fig. 6 Time variation of growth rate for lowest-
frequency component.

Fig. 7 12 t = 30,40,55,80 2B 2 &% b KFEHEE D
E— R 2O fEKDE— ROMERT. £, B0
WX, O JATEBUR I B 23EED 0 OFER % B
T7Bry FLTVS. WFNOE— FIZBWTH, K
Zibr & I ORI NS, =30 D
34 %, Fig. 3 OB £ — N D2/ 51 & P79 &
FoTWa. t =80 ®E— Fofitd, MR b o R
U3 3 DMD TR 6 3EHE—F [5] & —3L
TW3. it xhze— FOZELIE, 2 DDREDH D
HN R ZLERZTEBD, T— FOROZ YLD
5. Fio, MERROBIERER L RS, BHED 05F
EHICEET 2 L, A E— FIgBIT 2 IR0,
FEREBEL TR 2 Z b 5. FEEDIC
ONTEEREBIT NI BoTVE, BEE—-FOD
DD ZN - THIEST 2. ZOEEE— FOHD
AEDIRROBD LEFRL TR EEZ NS,



S5 T il

SBASERTAE TS S 2 L — > 3 VY Y KT A
20254E7TH2H~4H

27— =LA I

y4/D t =30, Real((pf])io‘m

= -
(g L

-4
x/D © 10 20

y/D t =30, Real((pzfl)_uZ-DD:I:-0
s . .

3

.-
0 (@X T eeeeeeses
"ewew

x/D © 10 20

= t = 40, Real | _ammse |
y4/D t =40, Real(py,) NEELT N y4/D (¢2y,) EEETT T

, T o)f C——cosnBBEE"
Q:-="" ---!...

4 -4
x/D 0 10 20 x/D 0 10 20

y/D t=355, Real(¢zf])702-|]‘]:|-0
’ } 3

y/D t=55, Re:al(gafl)A)IHDO:I:ﬂ]8

4

» -e
0:3“. - =1

4
x/D 0 10 20 x/D 0 10 20

y/p t=80,Real(py,) NEECTTHN /b =80, Real(p,y,) NENIT NN
4 —0.08 0 0.0 4 —0.2 0 0.

, ‘..0. . .
O*’.o.- .

—4
x/D 0 10 2

aw "
=177 DI
L

-4
x/D o 10 20

Fig. 7 Time variation of mode distribution. The left
panel shows the fundamental frequency mode, while

the right panel displays its harmonic doublet.

4

AT, (FAZRORMZELOE AT KD, E)E
MAZREKFEE— FADRT 2 ZEDARETH S Z
CERIRLZ. TXWEEOE— KR D- D, #@iE
BRERRIC B 2 FREORRNDIERARICNL, 77—
v PR T NESRGEEERMEL . ZHUTEDWY
T, BEFHECIERR ZE IS % time-stepping V£IC &
%7 — XEREE T ERL L.

ERLL7eE— FORERVWT, AERIETHI L~
Vg RS 2R REKEE—- N2 L. Z
DRI K o T, BRI TALE IR IER B 2313 T
F 0, RSB e 2103 2 @RI B 5, i
BB OECEEE— FoHOEEF2
MHTE L. 518, TOE— FoofifEz EER RS E
AL, BENEREETEZ 2HELREBR DX H =X
LfRIAS Z DM~ OIEREZ HIFL T L.

i

Eil

ARFIE O FAERT B, HAL KA TRARRLE 0 FE T A
RIMAERAIE 2 > % — O XREVEGIFILS R T L
(AFI-NITY) XU, JAXA ZA—%—a Y P a—&> R
7 L JSS3 BRHWTIT o /2. AW, HARZEHS
DI BI2EF TR B RIC & 2 Bk % 2 THEEX .
F 72, RUIZEO—ERX, JST XIERHIF & PRI 5%
7n 27 5 JPMISP2114 DX BERZ T 125D TH 5.

©copyright 2025 by the author(s). Published by JSASS with

permission

JSASS-2025-2057

RPN

[1] J. L. Lumley et al., eds. A. M. Yaglom and V. L
Tatarski, Nauka (1967) 166-178.
[2] O. T. Schmidt, P. J. Schmid, J. Fluid Mech. 867
(2019) R2.
] P.J. Schmid, J. Fluid Mech. 656 (2010) 5-28.
[4] J. H. Tu, Ph. D. Thesis (2013).
[5] K. Taira et al., AIAA J. 55 (2017) 4013.
[6] R. Ranjan et al.,, J. Comp. Phys. 403 (2020)
109076.
[7]1 Y. Ohmichi, Ph. D. Thesis (2014).
[8] L. N. Trefethen, Science 261 (1993) 578-584.
[9] L. V. Rolandi et al., Theor. Comput. Fluid Dyn. 38
(2024) 604-6009.
[10] A. Amiri-Margavi et al., J. Fluid Mech. 1001
(2024) A22.
[11] Y. Zhong et al., J. Fluid Mech. 1006 (2025) A18.
[12] Y. Ohmichi, Aerosp. Sci. Technol. 149 (2024)
109162.
[13] H. Zhang et al., SIAM J. Appl. Dyn. Syst. 18
(2019) 1586-1609.
[14] Y. Nakamura et al., Comput. Methods Appl. Mech.
Eng. 432 (2024) 117340.
[15] Y. Nakamura et al., arXiv:2504.00896 (2025).

3


http://www.tcpdf.org

