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Abstract

A method to enhance the numerical robustness of the Wall-Modeled Large Eddy Simulation (WMLES) under
isothermal wall conditions on the Flux Reconstruction (FR) scheme for ideal gas is proposed. The FR scheme suffers
from the numerical instability induced by a large temperature gradient near the wall due to a relatively coarse grid
used in the WMLES. To overcome this problem, an artificial viscosity (AV) is added to the region close to the wall.
The amount of the AV is computed based on the formulation of localized artificial diffusivity, and the profile of the
AV for the wall-normal direction in a cell line is given by a linear function and van Driest damping function. We
show that the proposed method enables one to conduct the WMLES stably under a very cold wall condition, such as
the ratio of the wall temperature and the recovery temperature is 0.1, on the FR.

1. ®S

WiEa sy by YR RKEBHEAMSTIE, B
W20 2D TRIDELGT - FIFICB W TIERICEET
H5. FEHERFETIE, FHE 2 X b DK 55 Reynolds-
averaged Navier-Stokes simulation %38 & £ #3253,
HBELET A & W o 2 IEE R RN O IEHE 22 T3
LW, —7, EEERRNZ SBECTHS 21203,
Large Eddy Simulation (LES) 2’E#1TH 5. Lo L,
Wall-Resolved LES (WRLES) T, Kz BEF £/ 2
F—IVELRERBE T 20BN HD, EL A VB
NTRERLBFHE R v 2ERIN 3 [1].

ZOMEERBRIT 5 FHEL LT, Wall-Modeled
LES[2] (WMLES) #52%E X1 T\w%. WMLES T,
GRENEDAERGE L, NEOFIZEERICHR T &
AMIIE I LTETUIT S, Z2D7=%, WRLES ¢
HER L TRELRIE T REBZRELHIBT 2 Z e TE
%, %7, BEHABECTRERELVEFATE 270,
FEEANAREILA T2 22D TE, FHaX OKIE
RHIEDEHRTE 5.

g, EHERERADOXIE, 5T —XBRFEED
DIe X K 2 RBIENHGHEAOBEHAE D &S E 2 5,
JE4E, Flux Reconstruction (FR) 7 [3, 4] % Discontinu-
ous Galerkin (DG) 72 [5] ¥ \» - 7= Discontinuous Finite
Element Methods (DFEMs) 257 EH X Tnwb. Zh b
DFHEE, CANEBICHHEEREAT S Z 2 TEMES
KIEEZZERT 2dDTHD, K TIEZDOHTDH
FREICEHT 5.

WMLES ¥ DFEMs %Ziflaa bR 7-5e b L T
BD, FHEZEMESKRTMERTHEIL, ZEEEREE
BLUT WM W3 Z & T NASA’s high-lift Common
Research Model O Z2 JJ{REZ EMEICTHIT 2 2 21
ML TW3 [6]. —/AT, ZHEAMMEIC X AT
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T AMEARE XN T WS [7-9]. ki, NEOAM
KRR OZL % R L7\ WMLES 0BV T, =
DHENPFEETH S (7). BREDMETIE, BXEE
DFZESEHVWS TS LzE2IIHITE 3
73, DFEMs TIXBEHE LIS B W T D &A% v
5728, BlORENFEPLEL 5. Z ORI
L, Fukushima & [10] X%, ABCEHEICBIT BER&MH
O TR ¥ BEHE 4%t LN\ D modal filter[11] DI
b, WIREERMONT 2 & b B HEGTEE 1R
KL TW5S., LL, AHEIHNEGE T 2 FREESEMN
WZDOFETHEA LGS, —EOLEINEITES
N300, D TKIRREELA N CIIEHEIIRES
5 DERINTWS.

ARFZETl1E, FR EZHWEHESIERACHT %
WMLES 1B W T, EFICKEOFRBELZHTTDH
WEIWBUERI B 2 FITATRE ¥ 5 2 B BEFT TR
PIRAET S, BIRFNICIE, ~vF U2 R4V bED D
BEE OB IRE L CATMEZ MM 2 2 ik
b, BEMNRZEEEZM LEXE3.

B2 ETIE, AVAEEFEEOMELZRL, #3
BECIIREEFEOFMEHET 5. 5 4 ECIIEESE
BRam U T, BEEVRRE T, L BIERE T, okd 0.1 @
¥ 5 ied TIHHI S N ZBESF I BV T D, IBRFIE
WX DRERFHEDARETH L Z L ERT.

2. BEHEFE
2-1 XfgHEN

ARIFFETIE, JAXA THIFEH O FRIKENT 2 LN LS-
FLOW-HO[12] % i\ T WMLES ® i3 5. XA
FHRERE 3 XoTEHEM Navier-Stokes SR TH D,
B o - EEE pu; - BT ANVF — pe DRIFAIE L.
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FR 7135 E £ L ANIZ Solution Point (SP) & FEIZH
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YIEEZER (x, y, z7) FOKEIE LA ZFHEZEH (& 7,
-1<&Epi<h ke ¥y 7L, SHEERLEOE
FERE AN K+1 8D SP 2BLET 5. ZDe =, K
A TENCHR LT K RD Lagrange ZTHF & R T &
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K+1

0= D" Oujit; © () 91D (M

k=1
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3.

K+1

pe= || =2
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(G=L---,K+1) 2)
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NH A ZXWRENED, ZOAMLELEIRZSNT

©copyright 2025 by the author(s). Published by JSASS with

permission

JSASS-2025-2027
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H=[f + fHay 4)

AL TIIEELRAEZNRE LTV 0, BRER
B 3RO L5 ML, NTHtEZEES 5.

K= _<M +£—:V) o Q)

ZZT, Cp, Pri’zzhzive e, 77 ¥ b A¥T
H2. Fl, NITHEME pay OBV NDTITIRENET
5 L BUERNCALENR LR T W, IO X 5 728
THI 2 [ /7 [A) 70 A1 C N TR R 2 A5 5.

Hav = pavolD (6)

T T, payo \FEEEEESAIC—EMEEZ 2 D, ERR
AT v/, BEHELVTRERSERZE 5. L, DIER
TR [13] B8 L O van Driest BEBTH D, v~ v F
V@SB K OREHIT AN TRMED 01872 % & 5 IcEET
ENTWVWS. L, DIFIRD LS 1cREh 3.

d
L=1-— 7
o )
D =[1-exp(y* /A" ®)

Z ZT, d, hWM: y+ bi%ﬂ%hﬁ%ﬁipgo)ﬁ;ﬁ%ﬁ, %
F o 7EE, wallunit TOEEE S DOERCH 3. %
72, AT IZETVERTH D, 172 LTW3E. KRIFET
1 SGS EF N EBIZHWRWEER LES ZEM L TW
278, v v FUIEEITAIMMEO ¥ L=, SGS
EFAERVREEREY Yy F U BBV TALE
PEY SGS KitkD KEXMNFAL 2% X5 KERLT
LRV, £/, FEFICHWETFIBLTE, BEM
B D WS FELERER T, BEMICHE L 72K METRR v
BREERER DN KE L 2B 28Ik » TRIEGTED
FLEEMMLRLTV. ZOMEICHLT 2720, DIFD
X OICBEHI S 1 DHD SPICHIEINZ 5.

Hav,1sisp = min | pavo LD, %ﬂAV,anSP ©

Z Z T, MAV1stSP, MAV2ndSP BENENEEHE S 1 D

H, 2 2O0HD SPIZBIZANTKiMETHZ. 2Dk>
2§ 2Y, WERFHENFETARETH 3.

KIS, pavo DEFHIEEEICOWTHIH S 3. Localised

Artificial Diffusivity (LAD)[14, 15] D ERITFEED %,
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Fig. 1 Schematic of proposed method.

RO L3 LTRD 3.
pes o T
_V 2
pavo = max | C= lzl] o M (10)
ZZT, QUREK1ZBI2HFROEBTHD, BErb

RYFUITEIETDRLIA THS. £, ()&
Restriction-Prolongation filter[15, 16] T®» %. C &
FILERTHD, C=04 3%, B, C DEIC
T RETEERADBE IS h iz, HRFEW
HPFHOEZ#INA[RETH 5. A, A BTN EFNEE
Zefl, WEZEMTOHEMTFIETHD, LT k51
KI5

2
AG =& (1D

A ce
A= %” (12)

Z Z°T,
Atcett = |AX 1 cen - 1 (13)
T

AXpcen = A& (xs, Ve Z&) (14)

THY, n ZEEHEESROBEMBIRRZ ML THD,
1O QHT—ETH3.

WM 12id Kawai[2] & O iEEH € 7 1% FVv, WM
FoEktEoBEHIZZEIn—hLRF—) v [17]
W&o TR L7z y* #fEH 3 5. %7z, Fukushima
5 [10] I & o> TIRESI N HEREFEMEHEE RO
7= D DB R BRI WS, AT, AFiHA
NDETOHBELFIIBW Ty F UGS hwy &
hwy =0.16 & L 7.

4. HEHFR
4-1 HRIEEHE

Y, EFEORILEEMT 2. FHEMNRIZF v
IVELTRE U, FHESMFE Yao[18] H DGR L
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Table 1 Freestream conditions for validation case[18] (Re.,
My, Rey, T, and T, are Reynolds number based on
friction velocity, bulk Mach number, bulk Reynolds

number, wall temperature, and recovery temperature,

respectively)
ReT Mb Reb TW / Tr
1692 0.8 6.8x10* 0.81

Table 2 Computational grid for P3 (N, N,, and N, are number
of cells for streamwise, wall-normal, ans spanwise di-

rections, respectively)

Ny XNy XN; Ax./0 Ay./o Az./6
40x30%x20 0.04 0.008-0.029 0.04

M3 2720, ERAAOEHNTERNS LT
NXF—RKIZUTD XS AERIA f, f[19,20] Zh0
Z5.

f;gu = +ﬁl (Qb anst) +,82 (QZ_I - Qconst) (15)
Joe = ufpu (16)

ZZT, Op, nIFFENETAAL Y TR, BRI T v
TETH5. B, B ZETIVERTH D, FlfTHE
[19] #5&2, zhzh2, -02 2 L7 £72, (eonst
R L2 WETH S, X512, Fry2LAORER
BT 27D, BIINANF—RILLNOAEBIA for
ZMZ 5.

Cv Tcons =T
Fror = PCup ( ¢ —Tp) (17

Trelax

ZZT, Cp, TpldZhZhivr g L 7 Er8 i,
BETH D, Tra EEMEFERTHD, LFOR
THIEXN 2 [20].

Trelax = 032 (18)

Uy
ZZT, 6, up BENEFNTF ¥ 2IVHNE, BEH RS
EThd. Tz, ¥IHASEL LTF v 2Dz
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(a) streamwise velocity

(b) Reynolds shear stress

(c) temperature

Fig. 3 Turbulent statistics for validation case (grey-shaded part indicates region below matching height).

& DT OFE SIS [21] U, ELIRICE
BxHi-.

HEEBZN 1 IRT. Z OMEEY 4 XI13%TE
[22] IZEEDWTIHRE L 2. FHEBFIZIZR 20D D%
HWwa. Ax,, Ay., Az 3EHELH A4 X THY, &
NP A XL LHND SPETHIZZ e TRLNS.
7o, MEHEEZ 15x10° CH 5. MAT, ZOBTIE
Fukushima[10] & 2385 U 7=#8 TG D FLHE % 56 /-
LTW53.

T3, EEEWRAIEE, LA 2 LVXEARIEH,
MEDBMEEFM 0T 7 A V2K 31TRT. X
HO7 L —TE&LNHDE~ vy F U 7ES &k DEEH
MlomEMZ RS, £/, FHIOD “Filter” 1% Fukushima
5 [10] D/FETH D, BEEBERE 2L OB EE /7 W
D AIZ modal filer #ffHT 2 Z 185N TH 5.
COHBEREREDLF ¥ 2L DKESTDNS ¥ B —8
LTWa. F v 3 L OHULMET DNS #R R F
EOMICTREER R 5N 20, THhEREOMETH
5. AT, ATHEICX > TEAWISH BEE
TEREWV)MEML TS F v 2LNOEE —EICT
3728, 2 (15), (16) TRENZF/ AT v T LI
ZET 24 WIEE W0, EEMEOLERE 23] B
X O modal filter # Wi, &b DNS ¥ —H3 3
WRIGON Z e 2R LTS, RiZ, £3 (1
JEHEL 4 7 )V RE Re,, BEIRGREL Cr, MERTTEATK
By = qu/ (CpupuTy) BT . REFETH S NI
X DNS OfERE B —HLTED, HEIX5% T
TH%. %72, modal filter TIESNIHE RETFIET
DOMEXIZEACMEEEHE L TWA. F£72, modal filter
¥ Z OREERE S TR EWCBIERT E 21T X 5 723,
RETTO & DIRWEEEGRE B CEETEBHES 5.
4-2 &OEVEEEE 0.1<T7,/T, <0473

R4 ST

L DR WEEEIEE (T, /T, = 0.4,0.2, 0.1) IZx43 3
REFHEORENELIMEST 5. FEBTFIEER2 &
FUbDZAV, HifiOeHREEMD, & EEHIEE O A
AR wiffie Mk, ERAMEE, L4/
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Table 3  Global parameters for validation case

Re.  Cyx10* B, x 10
DNS[18] 1692 4.47 1.13
Filter 1676  4.69 1.09
Proposed 1677 4.69 1.09

LNABAMIGH, BEOT07 7 A LE2K 4 1TR7.
Modal filter i1 & 3 @&t TlE, T,/T, =02, 01128
WCEHEDLIEFES 228, IBEFRICBVTXLEICHK
EEEIETTE S, BEREEMETT 213, vt B
TRV A ARV ERLTWSD, ZIUIEXRTT
{BAZ F W 2 BETH] BT 1, DS DX RICfE - T/
I RBZZEIWCERLTWS., /2, 2o DOBEMEIRE
ETIRBEMD V=D, REFEL OBRPTA R
W, BEE, T,/T, = 0.2 O T WRLES %%/ LT
BD, om0 EEEEICB) 3EEFEOZ YN
ZRTHERE LTV,
4-3 EDOFVLA /LB T B RE T
IhEOL A LR T B B R RS 5.
TR, TTOLA S VRE (Rey = 6.8 x 10%) 25 2
% (Rep = 1.4 x 10°), 4 1% (Rep, =2.7x10°) DL A
VR Rl Z TS . BEEIREE T,/T, = 0.1
EL, FraLfEERELTEHIETLA VAE
PEAIET. KSIWCERAMEE, L4 AIEA
Wris i, MEIR 7> A LERT. EDEVLA L
2RI L THREICEE B R T %, REFE
FEWEEREHELTWS.

5. %R

AT, BESKENRE L, FRIEZBWVLT,
EIREEZMF R T WMLES OUER 72 BREM: 2wk
XRLZFERER L. vy F U 7ES LD EEm
DOFEBUC N TAEEZ NS 5 Z 212 & b BE{L2K -
7. AL 813 LAD OERICED W TFHE L,
BEEEAR T M D N TR 1 3 ARTE R A B & O van
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(a) streamwise velocity (b) Reynolds shear stress (c) temperature
Fig. 4 Turbulent statistics for T, /T, = 0.4, 0.2, and 0.1 (grey-shaded part indicates region below matching height).
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(a) streamwise velocity

(b) Reynolds shear stress
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Fig. 5 Turbulent statistics for Re, = 6.8 x 10*, 1.4 x 10°, and2.7 x 10° with T,,/T, = 0.1 (grey-shaded part indicates region

below matching height).
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